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The rotating search coil is a precise and widely used tool for measuring the magnetic ﬁeld harmonics of
accelerator magnets. This paper deals with combining several such multipole measurements, in order to
cover magnet apertures largely exceeding the diameter of the available search coil.
The method relies on the scaling laws for multipole coefﬁcients and on the method of analytic
continuation along zero-homotopic paths. By acquiring several measurements of the integrated magnetic
ﬂux density at different transverse positions within the bore of the accelerator magnet, the uncertainty
on the ﬁeld harmonics can be reduced at the expense of tight tolerances on the positioning. These
positioning tolerances can be kept under control by mounting the rotating coil and its motor-drive unit
on precision alignment stages. Therefore, the proposed technique is able to yield even more precise
results for the higher-order ﬁeld components than a dedicated rotating search coil of larger diameter.
Moreover, the versatility of the measurement bench is enhanced by avoiding the construction of rotating
search coils of different measurement radii.
& 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).1. Introduction
Magnetic ﬁeld measurements are required at different stages of
any accelerator project; during the magnet prototyping phase to
validate the magnet design and production process, and during the
series production to guarantee the magnet-to-magnet reproduci-
bility and the follow up of the manufacturing. Often measure-
ments are required to check hysteresis effects and eddy-currents,
which are difﬁcult to compute with ﬁnite-element methods. The
measurements serve therefore also for the optimization of
machine powering cycles.
A proven ﬁeld-measurement method for accelerator magnets
relies on the rotating search coil [3], which is basically a number of
wire loops on a coil former, mounted on a shaft that is rotated in
the magnet bore. The coil must be long enough to cover the
magnet, together with its fringe ﬁeld region, so that the ﬂuxes and
ﬁelds derived from the induced voltages obey the properties of
harmonic ﬁelds in a two-dimensional, circular domain. The
domain must obviously be free of any material boundaries and
current sources. The induced voltage is acquired and integrated by
a digital integrator in order to yield the ﬂux linkage as a function
of the angular position, measured with an angular encoder that isr B.V. This is an open access article
r),mounted on the shaft. This re-parametrization with respect to the
angular position relaxes the requirements on the homogeneous
motion of the motor drive unit. Fig. 1 shows the system, installed
on a bench for the measurement of an air-coil dipole corrector
magnet for the ELENA [6] project at CERN.
Accurate measurement of the ﬁeld errors relies on shafts with
the largest possible diameters in order to maximize the signal-to-
noise ratio. The novelty of the proposed method lies in an over-
sampling procedure using smaller shafts, which yields the same or
even better measurement accuracy by acquiring ﬁeld information
at different transverse shaft positions.
1.1. Circular ﬁeld harmonics
A general solution that satisﬁes the Laplace equation, ΔAz ¼ 0,
can be found by the separation of variables method. As the vector
potential is single-valued, it must be a periodic function in φ. Let
us further consider the magnet bore as the problem domainΩ and
incorporate the condition that the ﬂux density is ﬁnite at r¼0. The
general solution for the vector potential can then be written as
Azðr;φÞ ¼
P1
n ¼ 1 r
nðAn sin nφþBn cos nφÞ. Each value of the
integer n in the solution of the Laplace equation corresponds to a
speciﬁc magnetic ﬂux distribution generated by ideal magnet
geometries, i.e., a dipole for n¼1 and a quadrupole for n¼2. The
coefﬁcients An and Bn are determined by the calculated or mea-
sured magnetic ﬂux density on the domain boundary ∂Ω. The
radial component of the magnetic ﬂux density is given byunder the CC BY license (http://creativecommons.org/licenses/by/4.0/).
Fig. 1. Rotating-coil system mounted on the bench for measuring a dipole corrector
magnet.
Fig. 2. Cross-section of the ceramic measuring shaft for the LHC magnets with
three tangential coils centered and aligned by ceramic pins.
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P1
n ¼ 1 nr
n1ðAn cos nφBn sin nφÞ in Ω.
Assuming that this ﬁeld component is given at a reference radius
r0 as a function of the angular position φ, we can obtain the
Fourier series Brðr0;φÞ ¼
P1
n ¼ 1 Bnðr0Þ sin nφþAnðr0Þ cos nφ
 
.
Comparing the coefﬁcients in the two expressions for the Br
component yields An ¼ ð1=nrn10 ÞAnðr0Þ and
Bn ¼ ð1=nrn10 ÞBnðr0Þ. Thus the radial ﬁeld component in the
entire magnet bore can be expressed as
Brðr;φÞ ¼
X1
n ¼ 1
r
r0
 n1
Bnðr0Þ sin nφþAnðr0Þ cos nφ
 
: ð1Þ
The so-called normal and skew multipole coefﬁcients Bnðr0Þ; Anðr0Þ
are given in units of tesla at the reference radius r0.
The calculations in this paper make use of complex analysis.
The complex notation of the magnetic ﬂux density reads [1]
BðzÞ ¼
X1
n ¼ 1
Cn
z
r0
 n1
ð2Þ
where Cn ¼ Bnþ iAn. The Cartesian ﬁeld components are combined
into the holomorphic function B¼ Byþ iBx, and the position in the
complex plane is given by z¼ xþ iy.
1.2. The scaling law for the multipole ﬁeld errors
The scaling law for the multipole coefﬁcients from r0 to any
radius r1 inside the magnet bore can be derived from the identity
BðzÞ ¼
X1
n ¼ 1
Cnðr0Þ
z
r0
 n1
¼
X1
n ¼ 1
Cnðr1Þ
z
r1
 n1
: ð3Þ
Comparing the coefﬁcients of the series element in zn1 yields
Cnðr1Þ ¼
r1
r0
 n1
Cnðr0Þ: ð4Þ
1.3. The analytic continuation of the complex power series
Taking the complex representation of the magnetic ﬁeld in Eq.
(2), we can calculate the effect on the multipole-ﬁeld errors by
translating the reference frame into the positions of the mea-
surement coil, z-z0; z0≔ zzi. As this displacement stays within
the bore of the magnet, which is free of magnetic material and
current sources, the path between z and z0 remains zero-
homotopic as required by the method of analytic continuation
[1]. For the magnetic ﬂux density being invariant with respect tothe frame change we obtain
X1
n ¼ 1
Cnðz0Þ
z
r0
 n1
¼ BðzÞ ¼
X1
n ¼ 1
C 0nðziÞ
z0
r0
 n1
: ð5Þ
The quantities zi, iA ½1; I, are the positions of the rotating search
coil in the reference frame, which is located at the geometric axis
of the magnet z0. Using the binomial series expansion for the term
ðz0 þziÞn1, the left-hand side of Eq. (5) can be transformed as
follows:
X1
n ¼ 1
Cnðz0Þ
z
r0
 n1
¼
X1
n ¼ 1
Cnðz0Þ
z0 þzi
r0
 n1
¼
X1
n ¼ 1
Xn
k ¼ 1
Cnðz0Þ
n1
k1
 
z0
r0
 k1 zi
r0
 nk
ð6Þ
Rearranging the double sum according to
P1
n ¼ 1
Pn
k ¼ 1 ank ¼P1
k ¼ 1
P1
n ¼ k ank ¼
P1
n ¼ 1
P1
k ¼ n akn yields [2]:
X1
n ¼ 1
X1
k ¼ n
Ckðz0Þ
k1
n1
 
z0
r0
 n1 zi
r0
 kn
¼
X1
n ¼ 1
C 0nðziÞ
z0
r0
 n1
ð7Þ
Comparing the coefﬁcients and using the identity ab
 ¼ aab 
ﬁnally results in
C0nðziÞ ¼
X1
k ¼ n
Ckðz0Þ
k1
kn
 
zi
r0
 kn
: ð8Þ
Every multipole measured with the displaced coil is coupled
to every higher-order multipole in the reference frame located at
the magnetic center. In particular, C02 ¼ C2þ2C3ðzi=r0Þþ
3C4ðzi=r0Þ2þ⋯. This effect is known as feed-down in the magnet-
design community; mathematically it is an analytic continuation
of harmonic functions. Notice the slower convergence for the
higher-order multipoles, for example, C 010 ¼ C10þ10C11ðzi=r0Þþ
55C12ðzi=r0Þ2þ⋯.
1.4. Coil sensitivity and noise
The sensitivity of rotating search coils depends on the shaft
design (radial coil intercepting the azimuthal ﬂux, tangential coil
intercepting the radial ﬂux), the coil radius, number of turns, and
spanned surface. A tangential coil design is shown in Fig. 2.
The voltage induced in a tangential coil of radius rc is
U ¼ dΦ=dt, where the ﬂux Φ is [1]:
Φ¼Nℓ
Z φþδ=2
φδ=2
Brðrc; ~φÞrc d ~φ
¼
X1
n ¼ 1
K tann
ℓ
rn10
Bnðr0Þ sin ðnφÞþAnðr0Þ cos ðnφÞ
 
: ð9Þ
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K tann ¼
2N
n
rnc sin
nδ
2
 
: ð10Þ
Without detailing the different technical designs of measure-
ment shafts, some general statements can be made:
 As will be explained below, the measurement of the main ﬁeld
component is about two orders of magnitude less precise than
the higher-order multipoles derived from compensated signals.
 The voltage signal strongly depends on the measurement
radius. Under the assumption of a constant noise ﬂoor in the
readout electronics, the signal-to-noise ratio is reduced for
smaller shafts.
 In general, small shafts are more affected by mechanical toler-
ances because the perturbations are relatively larger to the
coil size.
 In principle, the coil sensitivity of smaller coils can be increased
by adding winding turns. However, in this case the size and
shape of the coil-cross section becomes more important as the
surface spanned by the wires becomes smaller. Therefore, the
cross-section of the search coil cannot be considered small
compared to the coil surface.
 Errors in the coil calibration lead to systematic errors, which
increase with the multipole order [7].
 Accelerator magnets are designed to generate a ﬁeld of a low
harmonic number, so that the measurement of the ﬁeld dis-
tortion can be limited to a harmonic of order K, typically
9rKr15.
Consequently, a combination of results from measurements with
small coils must avoid the extraction of the main-ﬁeld component
from the measurement and the scaling of the higher-order
harmonics to larger radii. Results for measurements with the
two shafts used in the experimental validation of the proposed
method are given in Fig. 3. The components were acquired by two
different coils with a radius rc equal to the reference radius r0
(blue, dashed) and ð2=3Þr0 (green, solid line). Scaling the multi-
poles measured with the small coil to r0 (red, ﬁne dashed) shows
the effect of the high uncertainty of the higher-order multipoles.
1.5. Analog compensation of the main dipole ﬁeld
For the analog compensation of the main ﬁeld component, also
known as bucking, the coils in a shaft are connected such that the
voltages induced by the main ﬁeld cancel out. Fig. 2 shows a setup
for a dipole-ﬁeld compensation where the tangential coils, Coil
1 and Coil 2, intercepting the radial component of the magnetic
ﬂux density, are connected with opposite polarity. Vibrations,
mechanical distortions, and ripples from the current generator
induce the same voltage in both coils, and consequently, the dif-
ferential signal is less affected. Experience has shown that theFig. 3. Measurements of the normal ﬁeld components bn using a coil of radius rc
¼ r0 (blue, dashed) and a smaller one of ð2=3Þr0 (green, solid line).precision of the multipoles derived from the compensated signal is
about two orders of magnitude higher than the precision obtained
with the directly acquired signal [5].2. General description of the proposed measurement method
In this paper we present the combination of several measure-
ments of a rotating coil. The shaft, small with respect to the
magnet aperture, is sequentially placed at different transverse
positions within the magnet. Mounted on alignment stages, the x-
and y-positions of the shaft's rotational axis can be set with a high
precision. The error in the positioning zd is smaller than 100 μm,
so that the inﬂuence on the multipole of order n for a shaft of
10 mm radius is ΔC 0np zd=rc
 no0:01n. This positioning error is
small with respect to the uncertainties mentioned in Section 1.4.
Fig. 4 shows the setup of eight measurements, using a shaft of
radius rc, for the estimation of the multipole ﬁeld errors on the
reference radius r0. We will show below that a positioning of the
shaft on equiangular positions on the largest possible radius yields
the highest precision of the ﬁeld reconstruction.
For a combination of the multipole measurements, the position
angles of the shaft at the trigger point of the integrator must be
known. The positioning angles can be either measured with an
inclinometer or calculated from ﬁtting the measurements in the
overlapping regions. As this angle will not change during the
measurements, a minimization of the error norm J B
!
1 B
!
2 J in
the overlapping area can be done as part of the data post-
processing of two subsequent measurements.
The multipole measurements are performed at I positions. Each
measurement acquires the maximum number of N multipoles,
which depends on the coil sensitivity factors. For a dipole magnet,
the main-ﬁeld measurement is suppressed, so that the multipole
order nA ½2;N. The maximum number of multipoles to be recon-
structed on the reference radius r0 is given by the number K. The
used indices are summarized in Table 1.3. Theory of the ﬁeld reconstruction
Combining the feed-down formula derived in Section 1.3 with
the scaling law for measurement radii, allows us to link the
measured harmonics from the small, displaced shaft to the refer-
ence frame centered at the magnetic axis of the magnet. According
to Fig. 4 and Table 1, the C 0nðrcÞ are the measured multipoles and
the Ckðr0Þ are the reconstructed multipoles. The measurementsFig. 4. Setup A: Eight measurements acquired with a coil of radius rc ¼ 15 mm at
equiangular positions. The reference radius (green) is r0 ¼ 45 mm.
Table 1
The variables and indices used in the measurements and post-processing.
N Highest multipole acquired by the small coil
K Number of reconstructed multipoles on the ref. radius r0
I Number of measurement positions
n Multipole order of measurement with small coil nA ½2;N
k Multipole order of ﬁeld reconstruction on the ref. radius kA ½2;K
i Measurement position iA ½1; I
r0 Reference radius
rc Measurement radius of the small coil
z0 Origin of the reference system in the complex plane
zi Positions of the measurements in the complex plane
C 0n Measured multipoles on the small shaft
Ck Reconstructed multipoles on the reference radius
Fig. 5. The condition number κ as a function of the quotient rc=r0 for different
numbers of measured multipoles N and number of measurements I. The maximum
number of multipoles for the ﬁeld reconstruction is K¼15. The exemplary setups
A–D are marked for N¼8. Setup E is used in the experiment.
O. Köster et al. / Nuclear Instruments and Methods in Physics Research A 818 (2016) 20–25 23from the small shaft are ﬁrst scaled according to
C 0nðr0; ziÞ ¼ C0nðrc; ziÞ
r0
rc
 n1
ð11Þ
and then expressed in the displaced reference frame using the
feed-down formula from Eq. (8):
C 0nðr0; ziÞ ¼
XK
k ¼ n
Ckðr0; z0Þ
k1
kn
 
zi
r0
 kn
: ð12Þ
This yields
C 0nðrc; ziÞ ¼
XK
k ¼ n
Ckðr0; z0Þ
k1
kn
 
zi
r0
 kn rc
r0
 n1
: ð13Þ
3.1. Matrix notation
Eq. (13) establishes the link between the ﬁeld harmonics
measured with the small coil and the reconstructed multipoles in
the reference system. This can be written in matrix notation as
fC0g ¼ ½MfCg ð14Þ
where the elements in ½MACðN1ÞIK1 are functions of the radii,
the shaft positions and the binomial coefﬁcients of the series
representations. The vector fC 0gACðN1ÞI is complex-valued and
contains the measured ﬁeld harmonics; fCgACK1 contains the
multipoles in the reference frame. The column vectors are
fC0g ¼ C02ðz1Þ;C03ðz1Þ;…;C0Nðz1Þ;C02ðz2Þ;…;C 0Nðz2Þ;…
 T ð15Þ
fCg ¼ C2;C3;…;CKð ÞT ð16Þ
The block matrix ½M is composed of I inner matrices ½Wi
½M ¼
½W1
⋮
½Wi
⋮
½WI 
0
BBBBBBBB@
1
CCCCCCCCA
ð17Þ
which are upper trapezoidal matrices of the type
½Wi ¼
wðiÞ1;1     ⋯ wðiÞ1;K
0      ⋮
0 0   wðiÞn;k  ⋮
⋮ ⋮ ⋱   ⋯
0 0 ⋯ 0  wðiÞN1;K1 wðiÞN1;K
0
BBBBBBB@
1
CCCCCCCA
: ð18ÞThe matrix elements wðiÞn;k of ½Wi depend on all indices n, k, and i:
wðiÞn;k ¼
k1
kn
 
zi
r0
 kn rc
r0
 n1
: ð19Þ
The equation system described by the matrix [M] must be over-
determined such that ðN1ÞI is larger than K1.
3.2. Method of least squares
An over-determined system of equations has an inﬁnite num-
ber of solutions. The standard procedure for these problems is the
method of Least Squares, which minimizes the error of the best ﬁt
to the equation system. The matrix equation (14) is ﬁrst multiplied
by the transpose of ½M and then multiplied by the inverse of the
square matrix ½M ½MT :
½MT C 0 	¼ ½MT M½  Cf g⇒ ½MT M½  1½MT C0 	¼ Cf g: ð20Þ
An indicator for the stability and the propagation of uncertainty in
the matrix operations, is the condition number κ [8], which is
deﬁned as the ratio of the maximum and minimum singular
values of the matrix. We can thus study the optimum number of
multipole coefﬁcients and the number and positions zi of the
measurements. The linear algebra package LAPACK [9] is used for
the least squares problem and the computation of the condition
numbers. The post-processing is realized in a Fortran program,
coupled to the data acquisition software.
Fig. 5 shows the condition numbers as a function of the para-
meters N and I, as well as the size of the measurement shaft rc
normalized with respect to the reference radius. The number of
reconstructed multipoles is in all cases K¼15, while the shaft is
placed at equiangular positions on the radius r0rc. The condition
number takes its minimum of 1, when one central measurement
with rc ¼ r0 is used to measure the 15 multipoles because the
matrix [M] is simply the identity matrix. Well-conditioned equa-
tion systems also result when rc=r0  0:4 and 6–8 multipoles are
considered from the measurements.
It is easy to see from Fig. 5 that larger coils (rc=r040:5) require
the measurement of a larger number of multipole coefﬁcients
(NZ8) to yield a good condition number of κo10. Smaller coils
require a larger number of measurements (IZ10), but less mul-
tipole coefﬁcients to yield a well-conditioned equation system.
Different setups in Figs. 6 and 7 show the effect of the coil
positioning on the condition number of the matrix. These setups
are marked in Fig. 5 for N¼8 measured harmonics. The better the
outer radius of the measurement domain is sampled, the lower
will be the condition number of the matrix. As an example, setup
D, covering only half of the measurement domain, yields a
O. Köster et al. / Nuclear Instruments and Methods in Physics Research A 818 (2016) 20–2524condition number of κ ¼ 1859. Fig. 7 shows the condition number
subject to the incremental angle η between subsequent
measurements.Fig. 6. Setups with different coil radii R¼ rc=r0 and number of measurements I. (B)
I¼16, R¼0.25; (C) I¼3, R¼0.5; (D) I¼10, R¼0.3, η¼ π=I.
Fig. 7. The condition number κ of the matrix [M] in setup (D) for different η: the
larger the covered circular segment, the better is the matrix conditioned.
Fig. 8. Comparison of the harmonics ﬁeld errors (at r0) measured with a large coil (45 mm
small coil at 8 positions (30 mm, red) in linear (left) and logarithmic scale (right). On the
are plotted to show the repeatability error of the measurements on the higher-order mul
coil, R30, is shown (black) at the scaled reference radius of r0 ¼ 45 mm.4. Experimental results
As an experimental validation of the proposed method, a large-
aperture, air-coil dipole magnet was measured with two rotating
coils of different sizes. The aperture of the dipole was 129 mm in
diameter and the magnetic length 25 cm. The radii of the mea-
surement coils were 45 mm and 30 mm. Their length was 1.197 m.
At eight positions the small coil was used to measure eight har-
monics from C02 to C
0
9. The precision of the alignment stages for the
positioning was better than 0.1 mm. Fig. 1 shows the setup for the
small shaft mounted on the bench.
To obtain the common representation of the ﬁeld harmonics, in
units relative to the main ﬁeld at a given reference radius, an
additional measurement was performed in the axis of the dipole
magnet. Employing the Euler formula for a rotation of the ﬁeld
direction, the results were post-processed to force the skew-dipole
component A1 to zero. In this way, any roll misalignment between
the magnet and the measurement bench was eliminated.
The dimensionless normal and skew multipoles an ¼ 104An=B1
and bn ¼ 104Bn=B1 are plotted in logarithmic and in linear scales in
Fig. 8.
The proposed method not only enhances the versatility of the
measurement bench but also increases the precision on the
higher-order multipoles, which can be seen by the sample stan-
dard deviation in Table 2. The repeatability of the combination was
tested by using ten different measurements at each position.
The low standard deviation (o0:01) is independent of the
multipole order and yields a precision higher than for a single
measurement. Multipoles at the blind eye [1,7] of the measure-
ment coil (n¼11 for both shafts) can be determined with two
orders of magnitude higher precision. Differences in the A3 and A5
components result from the use of different search coils. This can
be seen in Fig. 8, which shows a comparison of the skew multi-
poles at the reference radius r0 for on-axis measurements using, blue, coarse patterned and dashed) and the combination of measurements with a
logarithmic plot, ﬁve consecutive measurements (of both, R45 and R30 combined)
tipoles. In the linear plot of skew components the central measurement of the small
Table 2
Sample standard deviation S of the normal multipoles bn at r0 ¼ 45 mm computed
from 10 measurements with the large (R45, rc ¼ 45 mm) and small (R30,
rc ¼ 30 mm) shafts, and the standard deviation of the harmonics for the combi-
nation of 10 measurements at 8 positions. For higher-order multipoles the
repeatability of the combination is about hundred times better than a single
measurement at the reference radius and about thousand times better than the
extrapolated multipoles acquired with the small shaft.
n R45 R45 R30 Combi
bn (units) SðbnÞ SðbnÞ SðbnÞ
2 20.115 0.014 0.014 0.005
3 186.632 0.013 0.017 0.003
4 7.953 0.007 0.057 0.004
5 86.501 0.009 0.062 0.005
6 1.293 0.015 0.081 0.005
7 15.028 0.014 0.232 0.009
8 1.329 0.021 0.102 0.007
9 8.396 0.033 0.213 0.005
10 0.555 0.136 0.435 0.003
11 2.748 0.240 2.757 0.005
12 0.195 0.827 7.196 0.004
13 0.763 0.158 9.167 0.005
14 0.028 0.058 5.179 0.003
15 0.149 0.073 2.856 0.002
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order multipoles. Global alignment errors between the bench and
the magnet can be corrected with the feed-down formula in the
same way as for a single measurement using a large coil.5. Conclusion
Accurate measurements of the ﬁeld harmonics in accelerator
magnets require the construction of a dedicated rotating-coil shaft
of the largest possible aperture. In this paper, we present a method
to reconstruct the multipole ﬁeld errors on a large reference radius
by a number of measurements with a smaller shaft, positioned on
equiangular positions on a smaller circle within the magnet bore.
The method is based on scaling laws for harmonic functions
and the concept of analytic continuation. It is shown that the
method not only increases the versatility of the measurement
bench, but also allows the computation of higher-order multipole
ﬁeld errors with a higher precision. This is due to the reduced
number of measured harmonics with the small coil, combinedwith an oversampling in the measurement domain. The method
depends on the precise positioning of the shaft within the bore of
the magnet, which can be accomplished easily by means of pre-
cision alignment stages. Moreover, positioning errors can mea-
sured with laser tracker systems and be corrected in the post-
processing of the measurement data.
The matrix equation resulting from the data post-processing
yields an a posteriori estimation of the error propagation in the
measurements. Online monitoring of the matrix condition number
during a measurement campaign yields valuable feedback to the
test-bench operator without requiring a profound knowledge of
potential theory and magnetic measurement procedures.
Systematic errors on lower-order harmonics (due to calibration
errors, for example) affect the uncertainty of a single measure-
ment but are not intrinsic to the proposed method [4].
The method was validated with the measurement of a coil-
dominated dipole magnet for the ELENA project at CERN.Acknowledgment
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